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1CHAPTER 1

Introduction

1.1 Overview

ELCOM (Estuary, Lake and Coastal Ocean Model) is a three-dimensional hydrodynamics model for lakes and

reservoirs, and is used to predict the variation of water temperature and salinity in space and time. The model

forms the three-dimensional hydrodynamics driver to the CAEDYM water quality model.

Heat exchange through the water’s surface is governed by standard bulk transfer models found in the literature

(e.g., Amorocho and Devries (1980); Imberger and Patterson (1981); Jacquet (1983)). The energy transfer across

the free surface is separated into nonpenetrative components of long-wave radiation, sensible heat transfer, and

evaporative heat loss, complemented by penetrative shortwave radiation. Nonpenetrative effects are introduced as

sources of temperature in the surface-mixed layer, whereas penetrative effects are introduced as source terms in

one or more grid layers on the basis of an exponential decay and an extinction coefficient (Beer’s law).

ELCOM computes a model time step in a staged approach consisting of

1. introduction of surface heating/ cooling in the surface layer

2. mixing of scalar concentrations and momentum using a mixed-layer model

3. introduction of wind energy as a momentum source in the wind-mixed layer

4. solution of the free-surface evolution and velocity field

5. horizontal diffusion of momentum

6. advection of scalars, and

7. horizontal diffusion of scalars

The fundamental numerical scheme is adapted from the TRIM approach of Casulli and Cheng (1992) with

modifications for accuracy, scalar conservation, numerical diffusion, and implementation of a mixed-layer turbulence

closure. The solution grid uses varying width orthoganal cells. The grid stencil is the Arakawa C-grid: Velocities

are defined on cell faces with the free-surface height and scalar concentrations on cell centers. The free-surface

height in each column of grid cells moves vertically through grid layers as required by the free-surface evolution

equation. Replacement of the standard vertical turbulent diffusion equation with a mixed-layer model eliminates

the tridiagonal matrix inversion for each horizontal velocity component and transported scalar required for each grid

water column in the original TRIM scheme. This provides computational efficiency and allows sharper gradients

to be maintained with coarse grid resolution.
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Governing Hydrodynamic equations and models

The governing equations and fundamental models used for three-dimensional transport and surface thermodynamics

in ELCOM are summarized in Table 2.1 The transport equations are the unsteady Reynolds-averaged Navier-Stokes

(RANS) and scalar transport equations using the Boussinesq approximation and neglecting the non-hydrostatic

pressure terms. The free surface evolution is governed by and evolution equation developed by a vertical integration

of the continuity equation applied to the Reynolds-averaged kinematic boundary condition.

The unsteady RANS equations are developed by filtering the unsteady Navier-Stokes equations over a time

period that is long relative to sub-grid scale processes, but small relative to the unsteady grid-scale processes that

are of interest. In an unsteady RANS numerical method the time scale of the averaging is the time step used in

advancement of the evolution equations. Thus, the maximum time step for a given grid resolution is fundamentally

limited by the grid scale physics, regardless of the numerical method. This is an important point that is lost

when ”unconditionally stable” numerical methods are discussed: the stability of the method at a large time step

is irrelevant if the size of the time step implies a temporal averaging scale that encompasses grid-scale motions. I

n most numerical approaches, the sub-time scale nonlinear terms u′iu
′
j are represented by an eddy viscosity νjk

defined in a tensor form as:

νjk
∂ui

∂xk
= δjkν

∂ui

∂xk
− u′iu

′
j (2.10)

where δ is the molecular viscosity, u′i are the sub-time-scale velocity fluctuations, and the overbar indicates

the Reynolds-averaging filter. The off-diagonal eddy-viscosity terms are generally set to zero and the molecular

viscosity is ignored so that we obtain:

ν1
∂ui

∂x1
= u′iu

′
1; ν2

∂ui

∂x2
= u′iu

′
2; ν3

∂ui

∂x3
= u′iu

′
3 (2.11)

In ELCOM, eddy-viscosity is used to represent the horizontal turbulence closure. In the vertical direction,

ELCOM can apply either a vertical eddy viscosity or a mixed-layer model discussed in Chapter 6.

The free-surface evolution is governed by vertical integration of the continuity equation for incompressible flow

from the bottom (b) of the water column to the free surface (h) applied to the kinematic boundary condition (e.g.

Kowalik and Murty (1993)). To derive the Reynolds-averaged free-surface evolution the Reynolds-averaging filter

must be applied to the kinematic boundary condition, resulting in

∂η

∂t
= U3 − Uα

∂η

∂xα
− ∂

∂xα
(u′αh′) (2.12)
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Table 2.1 Summary of Governing Hydrodynamic equations used in ELCOM.

Transport of Momentum:
∂Uα

∂t
+Uj

∂Uα

∂xj
= −g


∂η

∂xα
+

1

ρ0

∂

∂xa

Z η

z

ρ′dz

ff
+

∂

∂x1


ν1

∂Uα

∂x1

ff
+

∂

∂x2


ν2

∂Uα

∂x2

ff
+

∂

∂x3


ν3

∂Uα

∂x3

ff
− .pdfilonαβfUβ (2.1)

Continuity: ∂Uj

∂xj
= 0 (2.2)

Momentum Boundary Conditions - Free Surface: ∂Uα

∂x3
= 0 (2.3)

Momentum Boundary Conditions - Bottom and Sides:

Ui = 0 (2.4)

transport of Scalars:
∂C

∂t
+

∂

∂xj
(CUj) =

∂

∂x1


κ1

∂C

∂x1

ff
+

∂

∂x2


κ2

∂C

∂x2

ff
+

∂

∂x3


κ3

∂C

∂x3

ff
+ Sc (2.5)

Scalar Boundary Conditions : ∂Cα

∂xj
= 0 (2.6)

Free-Surface Evolution: ∂η

∂t
= − ∂

∂xα

Z η

0

uαdz (2.7)

Free-Surface wind shear:
(u∗)

2
α = C10

ρair

ρwater
(WβWβ) 1

2
Wα (2.8)

Momentum input by wind: ∂Uα

∂t
=

(U∗)
2
α

h
(2.9)

Note that the sub-time scale correlation term (u′αh′) has not been discussed in the literature as the Reynolds-

averaging filter has not been rigorously applied to boundary conditions; the equivalent term in large-eddy simulation

is discussed in Hodges and Street (1999). The modeling of this term remains an unexplored area of free-surface

flows; thus we are forced to assume that it is either small or only of local importance. In the former case it is readily

neglected. In the latter case, the present use of implicit discretization of the free-surface solution is numerically

diffusive at high barotropic CFL conditions, so local barotropic effects are not well-resolved. Thus, neglecting the

subtime-scale nonlinear effects is justified by our focus on basin-scale baroclinic motions. However, we can speculate

that the nonlinear correlation (uαhα) might be both large and non-local where nonlinear sub-basin-scale surface

waves enter shallow or restricted waters. The neglect of this term is predicated on the assumption that sub-time

scale nonlinear effects do not significantly effect the local mean free-surface height. In general, this is a good

assumption for the resolution typically achieved in simulations of lakes and estuaries, and will be used herein. The

free surface boundary condition is an approximate form of the dynamic boundary condition that neglects: dynamic

pressure, local horizontal variation of the wind, updrafts, downdrafts and surface tension. This is appropriate for

lake simulations using the hydrostatic approximation.



5CHAPTER 3

Timestep limitations

Both TRIM and ELCOM are unconditionally stable for purely barotropic flows; that is, they will produce stable

numerical results for any size of time step. However, for stratified flows, both methods use explicit discretization

of the baroclinic terms in the momentum equation leading to a time step constraint based on the internal wave

Courant-Friedrichs-Lewy condition (CFL) such that

(g′D)1/2 ∆t

∆x
<
√

2 (3.1)

is required. The left-hand side is defined as the baroclinic CFL number (CFLb), where g′ is the reduced gravity

due to stratification, the effective depth is D,
√

g′D is an approximation of the wave speed of an internal wave. This

baroclinic stability condition is generally the most restrictive condition in a density-stratified flow. The importance

of the internal wave speed can be seen in a simple scaling analysis: Typical lake stratifications provide a modified

gravity of g′ ∼ O(10−2)ms−2 while lake depths D are O(10)m to O(102)m. Internal waves propagate at C ∼
√

g′D,

giving wave speeds of O(1)ms−1. Maximum horizontal water velocities in a lake are typically O(10−1)ms−1), and

the desired horizontal grid size is O(102)m.

The maximum allowable time step for a limiting CFL condition is:

∆t <
CFL∆x

U
(3.2)

If U is taken as the horizontal water velocity, the maximum allowable time step for a limiting CFL of one

is O(103)s. If U is taken as the internal wave speed, the maximum allowable time step for a limiting CFL of

one is O(102)s. Thus, in the horizontal direction, the internal wave speed rather than the flow velocity controls

the maximum allowable time step and high CFL capability in the horizontal direction is generally unnecessary.

However, in the vertical direction, there is a definite advantage to a numerical scheme that is stable for CFL > 1.

Practical vertical grid resolutions are typically O(10−1)m to O(10)m depending on the lake morphology and

available computational power. Internal wave motions can produce vertical velocities of O(10−2)ms−1, so fine grid

resolutions with a CFL limit of one can result in an unacceptable time step limitations of O(10)s.

Scalar transport in ELCOM uses an explicit approach has an advective Courant-Friedrichs-Lewy condition

(CFLa) such that u∆t
δx < 1 is required. This condition does not effect the time step of the momentum solution

(∆t), but instead is used to compute sub-time s.pdf (∆t) for the scalar transport solution. The implicit scheme

of Gross et al. (1998) does not have CFL limitation for vertical velocity and is therefore preferable where fine

grid resolution is used in the vertical direction and high vertical CFL values are expected. At coarse vertical grid

resolutions (low vertical CFL values) the present explicit approach should prove more computationally efficient.
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A final stability constraint for semi-implicit schemes with explicit horizontal diffusion (e.g. TRIM and ELCOM)

is the viscous stability condition (derived for homogenous flows in Casulli and Cheng (1992))

∆t ≤ ∆x2∆y2

2ν(∆x2 + ∆y2)
(3.3)

This is typically at least an order of magnitude less restrictive than the baroclinic stability condition.

A constraint that becomes important when using large time s.pdf in a geophysical model is whether the velocity

field can be considered Lipschitz at the grid and time scales applied: i.e. is the field sufficiently smooth for

a numerical approximation (Iserles, 1996). In Smolarkiewicz and Pudykiewicz (1992) the numerical Lipschitz

constant B is defined with the condition that it must be less than unity:

B =
∣∣∣∣∣∣∣∣∂ν

dx

∣∣∣∣∣∣∣∣ ∆t < 1 (3.4)

This was demonstrated to be a necessary condition in a multi-time-level semi-Lagrangian method to prevent

trajectories from intersecting as they are traced back in time and space. While the present Euler-Lagrange method

tracks trajectories back only in space, the above Lipschitz condition heuristically applies as a fundamental statement

of the necessary behavior of the velocity field to allow reasonable approximation by a numerical model. As

demonstrated in Smolarkiewicz and Pudykiewicz (1992), a numerical method may remain stable at a high B,

but the results will not be accurate. This places a fundamental limit on the allowable time step that may be

reasonably used in a model. The importance of this point is that the maximum time step that can be used may

be a function of the physics, rather than the stability of the numerical method.
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Numerical Method

4.1 Introduction

The governing equations are discretized on a Cartesian solution grid in a staggered formulation where single

velocity components are defined on each face and scalars are defined at the cell centers. In discrete equations, the

cell faces are represented by subscripts such as i+1/2, while the centers are represented with integer (i, j, k) values.

The notation of Casulli and Cheng (1992) is used in the following description. For the discrete form of equations,

we will use subscripts to represent the position in discrete (i, j, k) space. Let Un+1
i,j represent the water column

vector of time n + 1 velocity values at position (i, j), that exist in the time n∗ solution space for all k that satisfy

bi,j ≤ |
kmax∑
m=1

∆zn
i,j,m ≤ ηi,j (4.1)

where bi,j is the height of the bottom of the domain at point (i, j), ηi,j is the height of the free surface, and

kmax is the maximum number of grid cells in the vertical direction. Similar definitions are applied for other vector

quantities in this manual.

4.2 Semi-implicit formulation for momentum

The fundamental semi-implicit evolution of the velocity field can be discretized on theη∗ solution space in a

manner similar to the TRIM approach as:

Un+1
i+1/2,j = An

i+1/2,jG
n
i+1/2,j − g

δt

δx

[
θ1

(
ηn+1

i+1,j − ηn+1
i,j

)
+ (1− θ1)

(
ηn+1

i,j − ηn+1
i+1,j

)]
(4.2)

V n+1
i,j+1/2 = An

i,j+1/2G
n
i,j+1/2 − g

δt

δy

[
θ1

(
ηn+1

i,j+1 − ηn+1
i,j

)
+ (1− θ1)

(
ηn+1

i,j − ηn+1
i,j+1

)]
(4.3)

where G is an explicit source term vector, θ1 is the ”implicitness” of the free surface (The generalized implicitness

option for 0.5 < θ1 < 1.0 is not coded in ELCOM version 2). The default semi-implicit scheme in ELCOM is a

backwards-Euler discretization (i.e. θ1 = 1) of the free surface evolution that is formally 1st order accurate in time.

It has been demonstrated (Casulli and Cattani, 1994) that the backwards Euler method for solution of the

hydrostatic momentum equations can be extended to the general two-level scheme of 4.2 and 4.3 that is formally

second-order accurate (when θ1 = 1). However, in coarse grid modeling, this increase in numerical accuracy does

not always result in an increase in model skill. In general, many lake and estuary simulations are conducted where

the barotropic mode will be solved with CFL conditions that may range from 5 to 10 or greater. Under these

conditions, semi-implicit discretizations may be stable, but the ”fidelity” of the representation of the flow physics is

a function of the type of flow under consideration The character of the truncation error is critical to understanding

the performance of the method. With the 1st order method, the lead error term is 2nd order and results in

damping of waves on the free surface. With the 2nd order method, the leading error term is dispersive and results
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in numerical waves on the free surface which propagate across the domain; typically causing a linear barotropic

wave to evolve into a steep-fronted bore, causing high velocities in localized areas as the surface wave is affected

by topography. Thus, the first order method results in good representation of the shape of the free surface and the

local barotropic velocities, but shows excessive damping of the inertial response of the free surface. In contrast, the

second order method maintains the energy in the surface wave form with minimal numerical dissipation, but has a

poor representation of the wave form. In a hydrostatic solution, the dispersive waves cause spurious local forcing

of throughout the water column and are detrimental to the skill of the solution. In contrast, the excessive damping

of the surface wave causes a decrease in the large scale motions associated with the barotropic response when the

wind relaxes, i.e. the ”ringing” of the barotropic mode is damped. In general, a strongly forced system is better

modeled with the backwards Euler scheme as the wave energy beyond two or three periods is often irrelevant to

the first-order physics.

Using any two-level implicit discretization (Casulli and Cheng, 1992), or any explicit discretization technique,

the A matrix can be represented as:

A =



bn + γk cn 0 0 0
an−1 bn−1 cn−1 0 0

0 an−2 bn−2 cn−2 0
...

...
...

...
...

0 0 a2 b2 c2

0 0 0 a1 b1 + γ1


(4.4)

The γ terms in A are set by boundary conditions, while the a, b and c terms are:

bk = −ak + ∆zk − ck (4.5)

bk = −θ2
ν3∆t

∆z

∣∣∣∣
k+1/2

(4.6)

ck = −θ2
ν3∆t

∆z

∣∣∣∣
k−1/2

(4.7)

The θ2 coefficient is determined by the choice of numerical discretization techniques. For θ2 = 1 the vertical

viscous term is discretized using a backwards Euler technique. For the mixed-layer model used in ELCOM θ2 = 0

and the discretization is explicit with A is zero for all terms off the main diagonal.

The source terms G in Equations 4.2 and 4.3 can be represented as:

Gi+1,j/2 = L(Ũi+1,j/2)−∆t
{

Bn
i+1,j/2 + Dx(Ũ)i+1,j/2 + Dy(Ũ)i+1,j/2 − fṼi+1,j/2

}
(4.8)

Gi,j+1/2 = L(Ṽi,j+1/2)−∆t
{

Bn
i,j+1/2 + Dx(Ṽ )i,j+1/2 + Dy(Ṽ )i,j+1/2 − fŨi,j+1/2

}
(4.9)
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The L() operator represents advective discretization, B() represents baroclinic discretization, D() represents

horizontal turbulent diffusion discretization. In ELCOM vertical diffusion is computed using a vertical mixing

model. The mixing model is represented as an operator such that:

Ũi,j,k = M(Un
i,j,k) (4.10)

The mixing operator M() is described in detail in Chapter 6.

4.3 Horizontal diffusion discretization

While the original TRIM approach (Casulli and Cheng, 1992) applied the discretization of the horizontal

diffusive terms at the pathline origin, the additional complexity was not found to provide any significant advantage

in the accuracy of the present method. Therefore, the horizontal diffusion terms (Dx,Dy) from Equations 4.8 and

4.9 are discretized using a second-order stencil such that

Dx(φn
i,j,k) =

ν

∆x2
(φn

i+1,j,k − 2φn
i,j,k + φn

i−1,j,k) (4.11)

4.4 Baroclinic discretization

The baroclinic term B in the x direction is discretized as:

Bn
i+1/2,j,k =

g

ρ0∆x

{
F∑

m=k

ρ′i+1,j,m −
F∑

m=k

ρ′i,j,m

}
(4.12)

f

where k = F is the cell containing the free surface. Similar expressions for diffusion and baroclinic terms are

obtained for the y direction. The elimination of the vertical diffusion terms in the transport of momentum and

scalars equations allows the present scheme to dispense with the tridiagonal matrix inversion for each horizontal

velocity component and transported scalar required for each (i, j) water column in the TRIM scheme.

4.5 Free surface discretization

The free surface evolution equation can be discretized as:

ηn+1
i,j =

ηn
i,j − θ1

[
∆t
∆xδx{(∆Zn)T Un+1} − ∆t

∆y δy{(∆Zn)T V n+1}
]

−(1− θ1)
[

∆t
∆xδx{(∆Zn)T Un} − ∆t

∆y δy{(∆Zn)T V n}
] (4.13)

where ∆Z is a vector of the vertical grid spacing, and the operators δx and δy indicate discrete differences, e.g.

δx(φ) = φi+1/2 − φi−1/2 (4.14)
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Substitution of Equations 4.2 and 4.3 into 4.13 provides a pentadiagonal system of equations for the time n+1

free surface height that is readily solved using a conjugate gradient method. The approach adopted for conjugate

gradient solution in ELCOM is similar to TRIM, as detailed in Casulli and Cheng (1992).

4.6 Advective discretization

One of the difficulties of numerical modelling at geophysical scales is the wide range of flow conditions that may

be present. In particular, internal waves may intermittently produce strong vertical motions over relatively small

regions. Where resolution of internal waves is deemed important, the choice of numerical method is driven by the

need for accuracy and stability in a small portion of the overall flow field. While many explicit spatial discretization

methods are stable for CFL < O(1), their accuracy in 3D computations for CFL > O(0.5) is generally poor when

the flow direction is not aligned with the grid.

The drawback of the quadratic method is that it is computationally expensive. However, for low CFL regions

( CFL < 0.1), the solution of a quadratic semi-Lagrangian method is dominated by terms in the same seven-point

upwind stencil that is obtained by using quadratic upwind discretization. This similarity can be exploited to reduce

the computational requirement in regions of low CFL without significantly reducing the accuracy of the overall

solution method. The concept of applying different schemes in different regions can be generalized into the concept

of a ”hybrid” numerical method. A general hybrid method is one where different solution schemes are applied in

different flow regions based upon a criteria measured in the flow field. For our purposes, the criteria is the CFL,

and we apply one discretization technique for low CFL, and a different technique for high CFL.

The present hybrid method has been tested to two levels, using quadratic semi-Lagrangian discretization for

regions where (0 < CFL < 2). The upper limit cutoff is the maximum CFL that can be computed using a

quadratic SL method without requiring the additional computational expense of adjusting the stencil region. As

a practical matter, the accuracy of computations for CFL > 2 is questionable, so the upper limit is not an

unreasonable requirement. For regions with CFL > 2, the method applies linear semi-Lagrangian discretization

(i.e. the approach used in TRIM) to minimize the computational effort of repositioning the stencil.

4.6.1 Linear semi-Lagrangian methods. For a stratified flow, semi-Lagrangian methods are desirable in

that they are both accurate and stable in the regime where 0.1 < CFL < 1. As a further advantage, they retain

their stability in higher CFL regimes, although their accuracy suffers at high CFL values unless the flow streamlines

are well resolved by the grid. However, in stratified flows, the ability to provide stable solutions for CFL > 1 in the

horizontal direction is of secondary importance in the selection of a numerical method. The maximum time step

is generally limited by either by (1) the baroclinic wave propagation speed in the region of strongest stratification,

or (2) the maximum acceptable numerical diffusion in scalar transport. The former requires wave CFL < 1 for

stability, while the latter limitation is a matter of grid resolution and the length of time over which model results
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are required.

The semi-Lagrangian form of advection is obtained by finding the approximate point in continuous space (the

”Lagrange” point) which would be advected to a discrete point (i, j, k) by the velocity field (U, V,W ) over the time

step ∆t. That is, the particle position (i, j, k) is numerically marched back along the streamlines represented by

the velocity field U, V,W . The U, V,W field may be obtained from single or multiple time levels, depending upon

the accuracy and computational complexity desired. A detailed review of semi-Lagrangian techniques is found in

Staniforth and Cote (1991). In a linear, single-time level semi-Lagrangian method, the Lagrange point is found

using

δx = −U∆t (4.15)

δy = −V ∆t (4.16)

δz = −W∆t (4.17)

The value of a variable φ at the Lagrange point is found using a trilinear upwind interpolation:

φL =

δx

∆x

δy

∆y

δz

∆z
φi−1,j−1,k−1

+
(
1− δx

∆x

)
δy

∆y

δz

∆z
φi,j−1,k−1

+ δx

∆x

(
1− δy

∆y

)
δz

∆z
φi−1,j,k−1

+ δx

∆x

δy

∆y

(
1− δz

∆z

)
φi−1,j−1,k

+ δx

∆x

(
1− δy

∆y

) (
1− δz

∆z

)
φi−1,j,k

+
(
1− δx

∆x

)
δy

∆y

(
1− δz

∆z

)
φi,j−1,k

+
(
1− δx

∆x

) (
1− δy

∆y

)
δz

∆z
φi,j,k−1

+
(
1− δx

∆x

) (
1− δy

∆y

) (
1− δz

∆z

)
φi,j,k

(4.18)

The above constitutes an eight-point stencil for a semi-Lagrangian methods with linear interpolation. As the

flow field approaches a uniform 1D flow, the linear semi-Lagrangian technique reduces to a linear upwind method

for CFL < 1. Indeed, it is perhaps easier to think of the semi-Lagrangian method as a 3D linear upwind stencil

that is successively repositioned for high CFL conditions. It follows that linear semi-Lagrange method exhibits the

unacceptable levels of numerical diffusion that are characteristic of linear upwind methods. This can be ameliorated

by using a quadratic method for interpolation of values at the Lagrange point

4.6.2 Linear semi-Lagrangian methods. The quadratic semi-Lagrange method extends the 8-point up-

wind stencil with trilinear interpolation (used in TRIM) to a 27-point upwind stencil using quadratic Lagrange

polynomial interpolation. In the notation of in Casulli and Cheng (1992), the operator interpolates the velocity

field (on the x face) to the position (i + 1/2 − a, j − b, k − d), where a, b and d are real numbers that represent

displacements from the (i + 1/2, j, k) position. This is an estimate of the origination of the pathline of a particle

moving through the time n velocity field that ends at the position (i + 1/2, j, k) after time ∆t. A similar notation



12 Chapter 4. Numerical Method

is used for the y faces at j + 1/2. It is convenient to denote the pathline origination point by a superscript (p) so

that the advective operators L() in Equations 4.2 and 4.3:

L(Ũi+1/2,j,k) = Ũi+1/2−a,j−b,k−d = Ũ (p) (4.19)

The process of computing the pathline origin in 2D for bilinear interpolation is discussed in Casulli and Cheng

(1992) and is illustrated in Figure 4.1 for 2D quadratic Lagrange interpolation. For Lagrange interpolation on

non-uniform grids it is convenient to consider the physical space coordinates (x, y, z) that correspond to the (i,j,k)

computational indices. Three-dimensional quadratic Lagrange interpolation to find the value of U (p) at any point

(x(p)(p) , y(p)(p) , z(p)(p) ) is computed in three sw.pdf illustrated in Figure 4.2 requiring 9 vertical interpolations

of the form

Ûi+γ,j+ζ = l0i+γ,j+ζUi+γ,j+ζ,k + l1i+γ,j+ζUi+γ,j+ζ,k±1 + Ui+γ,j+ζ,k + l2i+γ,j+ζUi+γ,j+ζ,k±2 (4.20)

where the (i, j) subscripts denote the position of the vertical line to be interpolated, while γ and ζ are ±{0, 1, 2},

with the sign determined by the upwind direction of the stencil (as is the sign for the k increment in the U position

subscripts). The Lagrange polynomial coefficients for each (i, j) line are computed from the standard Lagrange

coefficient formula (eg: Al-Khafaji and Tooley (1986))

lm =
2∏

ζ = 0
ζ 6= m

z(p) − zk±ζ

k ±m− zk±ζ
(4.21)

where zp is the vertical coordinate of the interpolated point and the sign is determined to obtain an upwind

stencil. The vertical interpolations are followed by 3 horizontal interpolations in the y direction of the form

U i+γ = l0i+γ,jÛi+γ,j + l1i+γ,j±1Ûi+γ,j±1 + l2i+γ,j±2Ûi+γ,j±2 (4.22)

Finally, a single interpolation in the x direction is applied as

U (p) = l0Ûi + l1Ûi±1 + l2Ûi±2 (4.23)

The Lagrange coefficients in Equations 4.22 and 4.23 are computed using Equation 4.21 with y or x substituted

for z as appropriate. The quadratic stencil used for the Euler-Lagrange interpolation is advantageous as it reduces

artificial damping of internal waves that occurs with an 8-node linear stencil; thus improving the ability of the

method to resolve the free motions of a stratified basin. While this improvement is necessary for modeling stratified

lakes, it is probably of lesser importance in estuarine modeling where forced motions dominate the flow physics.
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b

ax

y

 -UA dt

 A B

 C

 D

 -VA dt

Figure 4.1 Two-dimensional illustration of Euler-Lagrange streamline computation using quadratic Lagrange interpolation.

Velocity vector A, with components UA and VA, is used to track particle path from position (i, j) back to the base of vector B

using the momentum sub-time step dt. Velocity vector B is computed from the nine grid nodes upwind of the velocity vector

at position (i, j). Vector B is used to track the particle path back to the base of velocity vector C, which is again interpolated

from the surrounding nine grid nodes. This is repeated n times where ndt = ∆t. If a vector base position is not contained

within the nine upwind grid nodes, the upwind stencil must be repositioned. In the present code, linear interpolation is

used for the rare instances when repositioning is necessary. The final vector is the result of the Euler-Lagrange operator in

Equations 4.8 and 4.8, i.e. L(Ui,j), =, U(i−a,j−b). The number of sub-time s.pdf (n) may be set arbitrarily, with high values

providing greater accuracy and higher computational cost. Note that n = 1 everywhere corresponds to quadratic upwind

discretization and has poor accuracy characteristics unless the CFLa << 1. As a general rule, the minimum n is set as a

local function of the grid and flow field such that U dt
∆x

< 1

The extra computational requirements of the quadratic stencil are somewhat ameliorated by the ability to compute

source terms for flows in the range 1 < CFL < 2 without repositioning the stencil.

4.7 Scalar transport.

Scalar transport is (arguably) the most critical piece of the hydrodynamic numerical algorithm for strongly

stratified flows. If the scalar transport is not sufficiently accurate, we cannot obtain correct evolution of the density

field and internal wave motions. In ELCOM, a conservative third-order scalar transport method is applied. Use

of conservative methods has been found critical to stratified lake and estuary models as the distribution of density

feeds back into the momentum equation through the baroclinic term. Non-conservation results in loss of momentum

in baroclinic forcing such that internal waves are dissipated too rapidly and strong gradients that drive underflows

may simply cease to exist. Using non-conservative methods, loss of mass and deterioration of sharp gradients at

salinity and temperature fronts degrades the skill of the model.

A three-stage numerical algorithm for transport of a scalar concentration C can be defined as:
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(i,j,k)

 d

 b

 a

(i-2, j-2, k-2)

(i, j-2, k-2)

(i, j, k-2)

(i-2, j, k)

(i-2, j-2, k)

interpolation points in k (9 lines)

interpolation points in j (3 lines)

interpolation points in i (1 line)

pathline origin {x(p), y(p), z(p)}

 x

 y

 z

Figure 4.2 Schematic of three-dimensional quadratic Lagrange interpolation with successive interpolations in the k, j, then

i directions. For clarity, this illustration shows interpolation for a uniform grid, however the method can be applied to

non-uniform grids without any further adaptation.
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C̃ = M(Cn) + S(C) (4.24)

C∗ = C̃ −∆t
∂

∂xj
(C̃Uj) (4.25)

C̃ = M(Cn) + S(C)Cn+1 = C∗ −∆t
∂

∂xα

(
κ

∂C∗

∂α

)
+ O(∆t)2 (4.26)

As with the momentum mixing and source terms, the mixing operator in Equation 4.24 represents vertical

mixing by the Reynolds stress term and is discussed in detail in a subsequent section on the vertical mixing model.

The S(c) in Equation 4.24 represents scalar sources (e.g. heat transfer across the free surface into the wind-mixed

layer). Equation 4.25 is advection of the scalar field by the resolved flow field, and Equation 4.26 is horizontal

diffusion by turbulent motions. For clarity in the above and the following, advection, i.e. Equation 4.25, is defined

over time step ∆t. However, when MAX(CFLa) > 1, the sub-time step δt is used, where mδt = ∆t and Equation

4.25 is iterated m times. In the following derivations, substitution of δt for ∆t and n + m∆t for n + 1 makes the

equations reflect the sub-time step iteration process.

In differential notation, a conservative form of the transport equation is:

C̃ = M(Cn) + S(C) ∂

∂t

∫
Ω

CdΩ +
∫

Ax

CUdAx +
∫

Ay

CUdAy +
∫

Az

CUdAz = S(c) (4.27)

where Ω is a control volume Ax, Ay, Az are surface areas of the control volume faces. For clarity in the discrete

form, it will be useful to omit the (i, j, k) subscript notation for any centered variable so that Ci,j,k is written

simply as C, and Ci,j+1/2,k is written as Cj+1/2 .The discrete advected scalar concentration field (C∗) written as

a flux-conservative advection over the n∗ set of cells is:

C∗ = C̃
∆Zn

∆Zn+1
− ∆t

∆X∆Y ∆Zn+1
{δxQ + δyQ + δzQ} (4.28)

where operators of the form δx are defined in Equation 4.15. Q is the scalar flux through the cell faces, defined

on the n* cell set for the i+1/2 face as:

Qi+1/2 =
(
∆y∆Zn+1Un+1/2C̃

)
i+1/2

(4.29)

Similar definitions apply on the j + 1/2 and k + 1/2 faces. There is no flux through the uppermost face of cell

containing the free surface, so Qi,j,F+1/2 = 0, where k = F is the cell containing the free surface. It follows that

∆Zn+1
i,j,F −∆Zn

i,j,F = ∆tWn+1
i,j,F+1/2 and Ci,j,F+1/2 = Ci,j,F . For any cell (i, j, F ) in the n∗ set:

Ci,j,F+1/2 = Ci,j,F =
∆t

∆zn+1
δz(Wn+1

i,j,F+1/2Ci,j,F+1/2 (4.30)

Thus, for all cells in the n* set (including free surface cells):
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C∗ = C̃ − ∆t

∆x
δx(Un+1C̃)− ∆t

∆y
δy(V n+1C̃)− ∆t

∆zn+1
δz(Wn+1C̃) (4.31)

Since the scalar concentrations are updated at the cell centers, it is necessary to define a method of interpola-

tion for cell face values such as δx(UC). The ULTIMATE flux-limiting filter applied with third-order QUICKEST

interpolation (Leonard, 1991) performs particularly well in maintaining monotonic scalar fields while limiting nu-

merical diffusion. Implementation in 2D and demonstration of its effectiveness estuarine flows has been documented

by Lin and Falconer (1997). The conservative ULTIMATE QUICKEST method is limited to CFLa < 1 in all

coordinate directions. The present semi-implicit scheme remains stable at higher CFL (providing CFLb does not

exceed unity), so the ULTIMATE QUICKEST algorithm must be computed successively over sub-time s.pdf such

that the maximum CFLa is less than one in each sub-time step. In practice, coarse resolution models of strongly

stratified basins will have the defining time step limitation based on the baroclinic mode in the momentum solution

and CFLa > 1 may never occur.

The recent evaluation of transport schemes by Gross et al. (1998) did not directly examine the ULTIMATE

limiter applied to a QUICKEST approach; however, their results did show that effective results for a 2D model of

South San Francisco Bay could be obtained with either the QUICKEST approach or Roe’s superbee limiter applied

to a Lax-Wendroff method. As Lax-Wendroff is a second-order discretization, it is likely that the ULTIMATE limiter

applied to third-order QUICKEST would have been at least as effective as the schemes they tested. The present use

of an explicit discretization approach constrasts with the vertical-implicit approach taken in the recent adaptation

of TRIM by Gross et al. (1998). The advantage of the latter is that it is stable for scalar transport solutions at

CFL > 1, whereas the present method requires sub-time step iterations of the scalar transport routines when high

CFL’s are encountered. Thus the approach of by Gross et al. (1998) is preferable for a fine vertical grid resolution

while the present method should prove more computationally efficient at coarse grid resolution.

4.7.1 Scalar horizontal diffusion. The horizontal diffusion terms in Equation 2.5 are discretized to obtain

the time ’n + 1’ scalar field over the solution space ’n∗’:

Cn
i,j,k = C̃i,j,k + Dx(C̃i,j,k) + Dy(C̃i,j,k) (4.32)

where Dx and Dy are finite-difference operators for the second derivative. As with the velocity solution, any

time n + 1 locations that are not in the time n∗ solution space are updated using the concentration of neighbour

cells.

4.8 Sidewall and bottom boundary conditions.

The momentum introduced into a lake by wind forcing is dissipated in the boundary layers of the lake and

turbulent processes in the interior. In 2D depth-averaged models the Chezy-Manning bottom stress formulation
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has been applied to account for the dissipation in the entire water column. This is particularly useful in providing

a method of calibrating depth-averaged coastal/estuarine models to reproduce a given set of tidal data. In a 3D

model with stratification, detailed field data for calibrating a bottom friction coefficient is generally not available.

Furthermore, without the transfer of basin-scale internal-wave energy to subgrid-scales waves, it is questionable

as to whether any boundary condition model in the literature can capture actual boundary dynamics and predict

the correct location and timing of dissipation and vertical fluxes. Sidewall boundary conditions (i.e. vertical solid

boundaries) are often modeled as free-slip to effect simpler implementation in a numerical method (Casulli and

Cheng, 1992). However, the lack of sidewall drag prevents vertical vorticity from being produced at boundaries.

As lakes typically have regions of steep slopes and longshore currents (due to Kelvin waves), the neglect of sidewall

drag may not be a suitable simplificition in modeling basin-scale motions.

There remains much work to be done in developing appropriate bottom and sidewall boundary conditions in

coarse grid models. ELCOM provides three basic forms of boundary conditions: (1) no-slip, (2) free-slip, and (3)

specified stress.

4.9 Wind momentum model

The momentum input of the wind is typically modeled (e. g., Casulli and Cheng (1992)) using a stress boundary

condition at the free surface:

ν
∂u

∂x

∣∣∣∣
z=η

= u2
∗ (4.33)

where ν is an eddy viscosity and u2
∗ is the wind stress. This boundary condition requires solution of vertical

viscosity/ diffusion terms of the form

∂

∂x

{
ν

∂Uα

∂x3

}
;

∂

∂x

{
κ

∂C

∂x3

}
(4.34)

in place of the Reynolds stress terms in the momentum and scalar transport equations, terms that are modeled in

ELCOM using the 3D mixed-layer model. As demonstrated by Glorioso and Davies (1995), the formulation chosen

for eddy viscosity has a dramatic influence on the development of pressure-driven upwind flows in a wind-forced

homogenous system. Using an eddy-viscosity/ diffusivity approach in a stratified system, the depth, downwind

velocity, and velocity shear in the wind-mixed layer are functions of the values used for eddy viscosity and diffusivity

above the thermocline. The resulting prediction of mixed-layer depth using a coarse vertical grid resolution is

generally unsatisfactory. Even at fine resolutions, the capability of k− .pdfilon and algebraic stress models may be

suspect on the basis of the 1D results of Martin (1985). As the purpose of the eddy-viscosity term is to model the

introduction of momentum into the wind-mixed layer, we can substitute a model for predicting the wind-mixed
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layer depth and a model for the distribution of momentum over the depth. The wind-mixed layer is the mixed

layer that includes the free surface, with depth (h) of the wind-mixed layer computed in a discrete form as:

hi,j =
kb(i,j,kη)∑

m=ka(i,j,kη)

∆Zi,j,m (4.35)

where ka and kb are the lower and upper grid cell indices of the discrete wind-mixed layer in the water column

(i, j) that has free surface grid cell kη . To first order, we can approximate the introduction of wind momentum as

a uniform distribution over the mixed layer (Imberger and Patterson, 1990):

dU

dt

∣∣∣∣
i,j,k

=
u2
∗
∣∣
i,j,k

h|i,j
; η − h <

k∑
m=1

∆zm < η (4.36)

where η is the free surface height in water column (i, j). Equation 4.36 is applied separately in the x and y

directions to provide a direct increase in the velocity field in the wind-mixed layer before solution of the Navier-

Stokes equations.
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Surface Thermodynamics and mass fluxes

5.1 Introduction

The surface exchanges include heating due to short wave radiation penetration into the lake and the fluxes at

the surface due to evaporation, sensible heat (i.e. convection of heat from the water surface to the atmosphere)

and long wave radiation.

Short wave radiation (280nm to 2800nm) is usually measured directly. Long wave radiation (greater than

2800nm) emitted from clouds and atmospheric water vapour can be measured directly or calculated from cloud

cover, air temperature and humidity. The reflection coefficient, or albedo, of short wave radiation varies from lake

to lake and depends on the angle of the sun, the lake colour and the surface wave state.

5.2 Surface energy fluxes

5.2.1 Solar (shortwave) radiation flux Shortwave radiation can be divided into four components. EL-

COM 2.2 assumes the following percentages for each component

• Photosynthetically Active Radiation (PAR) 45%

• Near Infrared (NIR) 41%

• Ultra Violet A (UVA) 3.5%

• Ultra Violet B (UVB) 0.5%

The distance the radiation penetrates into the water column is dependent on the extinctin component for each

band-width. ELOCM allows users to set the extinction coeficient for each band in the run elcom.dat file but has

teh followin default values

• Photosynthetically Active Radiation (PAR) 0.25m−1

• Near Infrared (NIR) 1m−1

• Ultra Violet A (UVA) 1m−1

• Ultra Violet B (UVB) 2.5m−1

If water quality is being simulated via CAEDYM then the PAR extinction coefficient is calculated by CAEDYM.

The depth of penetration of short wave radiation depends on the net short wave radiation that penetrates the

water surface and the extinction coefficient. The equations given in TVA (eq 2.48 and 2.37) and Jacquet (eq A5.2)

for the net solar radiation penetrating the water can be written as:

Qsw = Qsw(total)(1− r(sw)
a ) (5.1)
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where Qsw(total) is the short wave radiation that reachs the surface of the water on Qsw is the net short wave

radiation penetrating the water surface, and r
(sw)
a is the shortwave albedo of the water surface given by:

r(sw)
a =

R
(sw)

a + a(sw)sin
(

2πd
D − π

2

)
: SthHemisphere

R
(sw)

a : Equator

R
(sw)

a + a(sw)sin
(

2πd
D + π

2

)
: NthHemisphere

(5.2)

and R
(sw)

a = 0.08, a(sw) = 0.02, D < the standard number of days in a year (= 365) and d is the day number

in the year.

Short-wave radiation in each band penetrates according to the Beer-Lambert law, such that

Q(z) = Qswe−ηaz (5.3)

where x is the depth below the water surface and ηa is the attenuation coefficient for each band.

Thus, the shortwave energy per unit area entering layer k through its upper face is

∆Qk = Qk −Qk−1 (5.4)

or

∆Qk = Qk(1− eηa∆Zk) (5.5)

For heating purposes, it is assumed that all of the ∆Q′s are converted to heat.

If there is excess short wave energy at the bottom of a colum of water ELCOM reflect a protion of the energ

back into the domain (currently 90% in Version 2.2). This energy is allowed to propogate back up through th water

column according to the Beer-Lambert law.

5.3 Long wave energy flux

Longwave radiation is calculated by one of three methods, depending on the input data. Three input measures

are allowed: incident long wave radiation, nett long wave radiation, and cloud cover.

5.3.1 Incident long wave radiation: Using incident long wave radiation requires accounting for albedo

and long wave radiation emitted from the water surface. The long wave radiation penetrating the water surface is

then

Qlw = (1− r(lw)
a )Qlw(incident) (5.6)

where r
(lw)
a is the albedo for long wave radiation, which is taken as a constant = 0.03 (Henderson-Sellers, 1986).

Long wave radiation emitted from the water surface is given by (Tennessee Valley Authority (1972), eqn 3.5)
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Qlw(emitted) = .pdfilonwσT 4
w (5.7)

where .pdfilonw is the emissivity of the water surface (=0.96), σ is the Stefan-Boltzmann constant (σ =

5.6697x10 − 8Wm−2K−4), and Tw is the absolute temperature of the water surface (i.e. the temperature of the

surface layer).

The nett longwave radiation energy density deposited into the surface layer for the period ∆t is therefore

Qlw = (1− r(lw)
a )Qlw(incident) − .pdfilonwσT 4

w (5.8)

5.3.2 Nett long wave radiation: Using net long wave radiation requires accounting for albedo at the water

surface. The long wave radiation energy density deposited into the surface layer for the period ∆t is therefore

Qlw = (1− r(lw)
a )Qlw(nett) (5.9)

5.3.3 Cloud cover: Long wave radiation can also be estimated from atmospheric conditions, using cloud

cover fraction (0 ≤ C ≤ 1). The nett long wave radiation energy density incident on the water surface can be

estimated as

Qlw(rad) = (1− r(lw)
a )Qlw(air) (5.10)

where (Tennessee Valley Authority (1972), eqn 3.14, Fischer et al. (1979) eqn 6.21)¡/P¿

Qlw(air) = (1 + 0.17C2).pdfilona(Ta)σT 4
a (5.11)

the subscript a referring to properties of the air. Swinbank (1963) showed that

.pdfilona(Ta) = C.pdfilonT 2
a (5.12)

where C.pdfilon = 9.37x10−6K−2. As previously, the long wave emitted is

Qlw(emitted) = .pdfilonwσT 4
w (5.13)

The nett long wave radiation is therefore

Qlw = (1− r(lw)
a )(1 + 0.17C2).pdfilona(Ta)σT 4

a − .pdfilonwσT 4
w (5.14)
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5.4 Sensible heat flux

The sensible heat loss from the surface of the lake for the period ∆t may be written as (Fischer et al. (1979)

eqn 6.19)

Qsh = CsρaCP Ua(Ta − Ts)∆t (5.15)

where CS is the sensible heat transfer coefficient for wind speed at 10 m reference height above the water surface

(= 1.3x10−3), ρa the density of air in kgm−3, CP the specific heat of air at constant pressure (= 1003Jkg−1K−1,

Ua is the wind speed at the ’standard’ reference height of 10m in ms−1, with temperatures either both in Celsius

or both in Kelvin.

5.5 Latent heat flux

The evaporative heat flux is given by (Fischer et al. (1979) eqn 6.20)

Qlh = min

(
0,

0.622
P

CLρaLEUa(ea − es(Ts))∆t

)
(5.16)

where P is the atmospheric pressure in pascals, CL is the latent heat transfer coefficient (= 1.3x10−3) for wind

speed at the reference height of 10 m, ρa the density of air in kgm−3, LE the latent heat of evaporation of water

(= 2.453x106Jkg−1), Ua is the wind speed in ms−1 at the reference height of 10m, ea the vapour pressure of

the air, and es the saturation vapour pressure at the water surface temperature TS ; both vapour pressures are

measured in pascals. The condition that Qlh ≤ 0, is so that no condensation effects are considered.

The saturated vapour pressure es is calculated via the Magnus− Tetens formula (Tennessee Valley Authority

(1972), eqn 4.1):

es(Ts) = 100exp

[
2.3026

(
7.5Ts

Ts + 237.3
+ 0.758

)]
(5.17)

where Ts is in degrees Celsius and es is in pascals.

Thus, the total non-penetrative energy density deposited in the surface layer during the period∆is given by

Qnon−pen = Qlw + Qxh + Qlh (5.18)

5.6 Surface mass fluxes

5.6.1 Latent heat mass flux density The change in mass in the surface layer cells (layer number N) due

to latent heat flux is calculated as

∆M lh
N =

−QlhdXdY

LV
(5.19)
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where dX and dY are the gird size of the surface layer cell and LV is the latent heat of vaporisation for water.

5.6.2 Rainfall It is assumed that the temperature of the rain is the same as that of the surface cell. The

salinity and water quality are set to zero. The change in surface layer mass is

∆Mrain
N = ρraindXdY r∆t (5.20)

where r is the rainfall in ms−1

5.7 Atmospheric stability and surface exchange

One factor known to cause variability in the heat and momentum transfer described above is air column stability

and water roughness (Imberger and Patterson, 1990). This has the effect of altering the exchange coefficients CS ,

CL and CD.

If the meteorological sensors are located within the internal boundary layer over the surface of the lake, and

data is collected at sub-daily intervals, it is appropriate to consider the effect of air column stability on surface

exchange. ELCOM uses the iterative procedure of Hicks (1975) to compute these values, as described in Imberger

and Patterson (1990) (p329). The user is referred to these references for more information.
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Mixing Model

6.1 Introduction

ELCOM models the vertical Reynolds stress terms (and thus the turbulent fluxes) in momentum and transport

equations with a 3D mixed-layer approach derived from the mixing energy budgets developed for 1D lake modeling

(Imberger and Patterson (1981) , Spigel et al. (1986) , Imberger and Patterson (1990)). Whereas 1D mixed-layer

models are typically Lagrangian, regridding the vertical domain to match the number of mixed regions in the

water column, the present 3D method uses an Eulerian fixed-grid framework as Lagrangian 3D methods typically

obtain highly skewed grid cells when horizontal gradients in mixing occur. The present model applies a separate

1D mixed-layer model to each water column to provide vertical turbulent transport, whereas 3D transport of TKE

is used to provide the dynamic effect of 3D motions on the TKE available for vertical mixing.

6.2 Energy terms in the mixed layer model

To understand the present mixed-layer approach, it is useful to qualitatively define some of the energy fluxes.

First, we can characterize four energy terms:

1. The TKE available for mixing, TKEA

2. The TKE required for mixing, Ereq

3. The TKE dissipated, E.pdfilon and

4. The residual mixing energy, EM .

Of these, only the last, which is effectively the sum of the others at the end of the mixing algorithm, is considered

a transported variable. Second, it is useful to characterize two types of mixing events in a stratified fluid:

1. convective mixing of unstable density gradients that decreases the potential energy of the fluid and releases

TKE

2. mixing of stable density gradients that dissipates TKE and increases potential energy.

The former is one of the TKE sources for mixing (TKEA), whereas the latter is exactly the local energy

required to mix (Ereq). These two density gradient terms are computed from the vertical buoyancy scale, with

the magnitude of a negative value providing the convective contribution to TKEA and a positive value providing

Ereq. The distinction between the positive and negative forms of the buoyancy scale is critical to the model, as an

unstable density gradient will always create TKEA , whereas a stable gradient (Ereq ¿ 0 ) will consume TKEA

only when TKEA ¿= Ereq . Finally, we need a definition for a ’mixed layer’; this is taken to be a set of vertically

contiguous grid cells that share the same density, scalar concentrations, and grid-scale velocity. According to this
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Figure 6.1 Development of a mixed layer due to surface cooling and unstable stratification. (a) Stable stratification at start

of time step; (b) surface cooling creates unstable density profile; (c) unstable grid cells have been mixed.

definition, the discrete version of a linear stratification with seven grid cells shown in Figure. 6.1a is a system with

seven mixed layers, whereas the system in Figure. 6.1c has the same number of vertical grid cells but only four

mixed layers. Note that in this mixed-layer model, the layers do not have a dynamical existence outside the mixing

algorithm and do not carry forward from time step to time step. That is, when the mixing routine is called, the

layers are computed from the present density structure and mixing energy without explicit reference to any prior

layer structure.

The present approach is considerably simpler than many 1D models (e.g., Spigel et al. (1986)) in that differential

equations coupling layer thickness, entrainment rates, and heat transfer through the surface are not used. The

fundamental presumption of our modeling approach is that the vertical grid resolution for practical 3D lake models is

too coarse to adequately compute the solution of differential equations for mixed-layer evolution or heat transfer with

gradient boundary conditions. Indeed, the need to model with coarse vertical grid resolution was the impetus for

abandoning the vertical eddy-diffusion differential equations generally used for mixing. The surface thermodynamics

in ELCOM enter the system as discrete changes to the temperature structure in the upper grid cells rather than

as boundary conditions on transport or mixing equations. At the beginning of a time step, nonpenetrative heat

flux (e.g., long-wave radiation, convective heat transfer) is added to the uppermost grid cell while solar radiation is

added to the water column using exponential decay over depth. The heat transfer changes the density stratification,

either providing TKEA (unstable density gradients produced by net cooling) or increasing Ereq (stable stratification

produced by net warming). Once the new density field is calculated, the mixing process is modeled on a layer-by-

layer basis through each (i, j) water column by comparing the available mixing energy (TKEA) from convective
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overturns, shear production, wind stirring, and TKE storage (EM ) to the potential energy increase (Ereq) required

to mix a grid cell up into the mixed layer above itself. This mixing process is explained in the following section.

6.3 A Mixing timestep

A mixing model timestep for each column of water can be broken down in to the following s.pdf

1. Calculate wind energy input, Ewind

2. If the TBBL boundary condiion is being used calculate bottom energy input, Edrag

3. For each column cycle from surface cell to bottom cell

4. Calculate generation of TKE by shear, Eshear

5. Calculate energy required for mixing, Ereq

6. Calculate total energy available if two cells were totally mixed, TKEmixed

7. Calculate time estimate for total mixing TTKE

8. If unstable calculate time estimate based on convective overturn Tconv

9. Calculate mixing fraction ηf

10. If there is enough energy then mix cells

11. End of cycle from surface cell to bottom cell

12. Dissipate excess mixing energy

1. Wind Energy:

Wind generation of TKE is paramterised as

Ewind =
1
2
C3

ndtu3
∗ (6.1)

Where u∗ is the wind shear velocity given by

u∗ =

√
Cwind

D ρair

ρ0
Uwind (6.2)

and the mixing coefficient Cn is set to 1.33. The wind energy for each column is added to the available TKE

of the surface cell.

TKEsurf = TKEsurf + Ewind (6.3)
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2. Bottom Energy:

If the DEFAUT BC is set to TBBL then TKE is also generated due to drag on the bottom. This energy is

paramterised as

Edrag = Cb(|ubot|+ |vbot|)
3
2 dt (6.4)

the mixing coefficient Cb is set to 2.2. The bottom energy for each column is added to the available TKE of

the bottom cell.

TKEbot = TKEbot + Edrag (6.5)

3. Begin Cycle from surface to bottom:

Once the external energy sources have been added to the surface and bottom cells the main mixing routine

is called. This routine loops from the surface cell to the bottom cell and generates the mixing layers for the

column.

The loop first sets the surface cell (ksurf ) to a mixed layer and attempts to mix the cell ksurf − 1 into this

mixed layer. If there is enough energy to mix the cells and ∆t is large enough for the cell to be fully mixed

(ηf = 1) then the cells are mixed ksurf − 1 is added to the mixed layer and then we attempt to mix ksurf − 2

with the mixed layer. If there is not enough energy for mixing to occur or ηf < 1 then the mixed layer is

closed, (ksurf − 1) is set to a mixed layer and energy budgets are computed for ksurf − 2. If there is enough

energy for mixing to occur but the mixing fraction is < 1 then partial mixing occurs.

4. Shear Energy:

Shear generation of TKE is paramterised as

Eshear =
1
2
CSS2dzl (6.6)

the mixing coefficient Cs is set to 0.15 and S is the shear defined as

S2 = (Uml − Ul)2 + (Vml − Vl)2 (6.7)

subscripts ml refer to values in the mixed layer and subscrits l refer to the cell directly below the mixed layer

ie. the cell that we are checking to see if it will become part of the mixed layer. Shear energy is stored in

the cell that is being mixed into the mixed layer.
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5. Potential Energy:

The energy required to mix the current cell into the mixed layer is given by

Ereq = −g′dzldzml (6.8)

where the reduced gravity term is given by

g′ =
1
2
g(ρml − ρl)

(dzmldzl)
ρml(dzml + dzl)ρl

(6.9)

dzml is the mixed layer depth given by the sum of all the dz of cells in the mixed layer.

6. Total Available TKE Energy:

To determine a timescale for the mixing we first determine the total amount of energy if the cell of interest

is completey mixed into the mixing layer. If the denisty profile is unustable then energy generated from

convective overturns is added. The total TKE is then

TKEmixed =

{
TKEml + TKEl + Eshear if Ereq ≥ 0
TKEml + TKEl + Eshear − CCEreq < if Ereq < 0

(6.10)

the mixing coefficient Cc is set to 0.2. The TKE of the mixed layer (TKEml) and the cell (TKEl) include

energy from wind stirring and bottom drag as detailed above.

7. Timescale for mixing due to turbulence

To try and limit the time step dependance on mixing we introduce a timescale for the mixing to occur. If

this timescale is larger than the timestep used then partial mixing occus. The time scale due to tubulent

mixing is given by

Tturb = CTT dzl

√
Csdzml + dzl

2TKEmixed
(6.11)

the coefficient CTT is set to 50.0.

8. Timescale for mixing due to convective overturn

If the density profile is unstable then we introduce a timescale for overturning.

Tconv = CTCdzl

√
dzl

g′
(6.12)

If the time scale for overturning is shorter than the timescale for mixing due to turbulence then we use this

timescale to calculate our mixing fraction.
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9. Calculate mixing fraction.

The mixing fraction is simply the timestep ∆t divided by the shorter of the two timescales. The mixing

fraction is limited to 1.0.

ηf = min

(
∆t

min(TTKE , Tconv)
, 1.0

)
(6.13)

10. Energy Budget.

Before any mixing takes place the mixing routine checks to see if there is sufficent TKE available to overcome

the potential energy. If TKEmixed ≥ ηfEreq the mixing takes place using the calculated mixing fraction.

If TKEmixed < Ereq no mixing occurs, the available TKE is dissipated completely and the mixed layer is

closed. For complete mixing any excess TKE (ie. TKEmixed − Ereq) is stored in the mixed layer and is

included in the energy budget for the next layer. For partial mixing excess TKE is stored proportionally by

volume in the mixed layer and the cell being mixed.

11. Mixing of cell into mixed layer.

The mixing of cells depend on whether the cells are fully or patially mixed. If ηf = 1 all scalar and velocity

values within the mixed layer are equal. Scalar concentrations are mixed by volume such that

C ′
ml =

Cmldzml + Cldzl

dzml + dzl
(6.14)

Where the Cml is the scalar concentration of the mixed layer and Cl is the scalar concentration of the cell

being mixed. The ′ indicates the value after mixing.

Velocities are mixed my mass such

U ′
ml =

ρmlUmldzml + ρlUldzl

ρmldzml + ρldzl
(6.15)

.

For partial mixing only the cell being mixed and the cell at the bottom of the mixed layer are modified.

Ck =


Cml k = kl + 2 : kml−top

(1− ηf )Cml + ηf
Cmldzk+Cldzl

dzk+dzl
k = kl + 1

(1− ηf )Cl + ηf
Cmldzk+1+Cldzl

dzk+1+dzl
k = kl

(6.16)

where Ck is the concentration of layer k in the column, kl refers to the layer of the cell being mixed and

kml−top is the layer of the top of the mixed layer. An analogous expression to 6.15 is used for partial mixing

of velocity.
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12. End of cycle from surface cell to bottom cell:

Once the bottom cell is reached the cycle is concluded.

13. Dissipation of energy: After the miixing of cells has concluded excess energy is dissipated according to

TKE = TKE − 1
2
C.pdfilon∆t

(
TKE

dz

) 3
2

(6.17)

.

where the dissipation coefficient C.pdfilon is set to 1.15. Any TKE left after dissipation is then transported

by the scalar transport routine before becoming available for mixing in the following timestep.
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Numerical Diffusion Filter

This chapter describes a technique for maintaining vertical density stratification over seasonal timescales. The

technique involves estimating the numerical diffusion of mass occurring in each time-step and applying a compen-

sating correction to the density field. Since advection does not change background potential energy, Eb (Winters

et al., 1995) it follows that Eb during advection must be entirely due to numerical diffusion (in the absence of

inflows/ outflows). As ELCOM employs an operator splitting solution of the scalar transport equation, Eb can be

calculated before and after advection to quantify numerical diffusion of mass. This method has two shortcomings.

1) The measure is global, thus it does not provide a spatial distribution of diffusion. 2) The current implementation

does not allow inflows/ outflows that affect Eb. The first drawback is inherent in the methodology and can only

be addressed in an approximate manner, while the second drawback could be exactly removed by quantifying the

buoyancy flux of inflows/outflows. In this paper we concentrate on the first problem by developing a method to ap-

proximately redistribute Eb for domains with no inflows/outflows. The problems associated with inflows/outflows

remain a subject for further research. The contribution of this paper is a methodology for using Eb to reconstruct

a density field that minimizes numerical diffusion. Mathematically, we desire a correction technique that satisfies:

{E+
b } − E−

b

E−
b

< .pdfilonB (7.1)

at each time-step. E−
b and E+

b are the background potential energy before and after the transport calculation

respectively. The curly braces above and hereinafter represent the application of a correction technique. The

threshold .pdfilonB is based on the capabilities of the method and represents the minimum expected reduction in

numerical diffusion. In a numerical simulation of a lake, density stratification varies smoothly and monotonically

with depth and, to first order, can be characterized as two weakly stratified regions (an epilimnion and a hy-

polimnion), separated by a strongly stratified metalimnion. The observed effect of numerical diffusion is thickening

of the metalimnion. Thus, the cumulative effect is similar to vertical diffusion from the metalimnion. To first order,

mitigating numerical diffusion is achieved through an anti-diffusion vertical mass flux, which is applied herein using

a sharpening filter acting vertically on the density profile in each water column.

The sharpening filter was previously developed to enhance field instrument response (Fozdar et al., 1985). It

is a three point recursive filter based on the inverse Z-transform of a linear response to a Heaviside step function,

and is represented as follows:

{Sk} =
1− a′

1− a
(Sk − Sk−1) + a′{Sk−1} (7.2)

where a = e
−∆z

l , a′ = e
−∆z

l′ , ∆z is the vertical grid spacing, l and l′ are sharpening and smoothing length
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scales respectively, k is a grid cell index, Sk is a series value before application of the filter, {Sk} is a series value

after application of the filter. To simulate the bi-directionality of diffusion in one dimension the filter is applied

both upwards and downwards.

One problem with the original sharpening filter is gradient amplification at boundaries, which creates artificial

minima and maxima. Where such extrema are unstable density gradients, they must be mixed in a hydrostatic

model. Where such extrema are stable density gradients, they increase the TKE required for mixing. The cumu-

lative effects are maximum and minimum values of density beyond the original values, and distortion of mixing

dynamics. To correct this effect, an endpoint limiter and gradient preservation are applied after filtering. The

gradient before filtering is calculated for both the top and bottom of each water column. After filtering, top

and bottom gradients are restored to pre-filter values. After gradient correction any new extrema are restored

to pre-filtering values. Applying this endpoint gradient preservation and extrema limiter adversely affects mass

conservation and raises the minimum practical threshold, Eb. Since changes per time-step are extremely small, a

simple mass correction is applied to evenly remove the change in mass incurred by the filtering. The change in

mass due to filtering is divided by the number of cells containing less than average mass. That change in mass

per cell is then subtracted from cells containing less than average mass. By applying mass correction before the

extrema limiting, no new extrema are created, and the mass redistribution has the effect of further sharpening the

overall stratification.
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Underflow Model

8.1 Introduction

The underflow model in ELCOM is based on the numerical approach proposed by Bradford and Katapodes

(1999) with finite-volume spatial discretization, conservation equations advanced by a predictor-corrector algorithm

and Roe (1981) approximate Riemann solver for fluxes through cell faces. The conservation equations of Bradford

and Katapodes (1999) have been modified to use salinity and temperature instead of turbidity, and terms have

been added to model 1) effects of the earth’s rotation, 2) gradients in ambient fluid salinity and 3) momentum of

the background circulation. The entrainment relationship has been changed from to the formulation of Dallimore

et al. (2001), developed from a parameterisation of the turbulent kinetic energy equation. The general grid trans-

formations of Bradford and Katapodes (1999) are replaced with a simple Cartesian-grid approach for compatibility

with the Cartesian grid in ELCOM.

8.2 Governing Equations

The underflow model governing equations are the vertically-integrated equations of volume, momentum and

salinity based on derivations of Ellison and Turner (1959). Assuming unity values for the shape factors while

including the ambient fluid properties, the conservation equation of volume, x momentum, y momentum and

salinity are respectively given by

d(H)
dt

+
d(UH)

dx
+

d(V H)
dy

= E
√

U2 + V 2 (8.1)

d(UH)
dt

+
d(U2H)

dx
+

d(UV H)
dy

= fV H − CDU
√

U2 + V 2 − 1
2

d(g′H2)
dx

− g′HSx + UambE
√

U2 + V 2 (8.2)

d(V H)
dt

+
d(UV H)

dx
+

d(V 2H)
dy

= −fUH − CDV
√

U2 + V 2 − 1
2

d(g′H2)
dy

− g′HSy + VambE
√

U2 + V 2 (8.3)

d(SH)
dt

+
d(SUH)

dx
+

d(SV H)
dy

= SambE
√

U2 + V 2 (8.4)

where H is the height of the underflow; U and V are vertically averaged velocities in the x and y directions; S

is the vertically averaged salinity; g′ is the reduced gravity term = g(ρ− ρamb)/ρamb, f is the Coriolis parameter;

CD is the bottom drag coefficient; E is the entrainment coefficient and Sx and Sy are the bottom slopes in the

x and y directions. The subscripts amb refer to the ambient value of the variable. Ambient values used by the

underflow model are obtained from the salinity and velocity at the bottom boundary cells of the 3D model, and

are used to model entrainment through the last terms in the momentum and salinity equations.
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The entrainment coefficient (E) in the governing equations is given by the entrainment law of Dallimore et al.

(2001). The equation has been altered to account for the ambient flow and is given by

E =
CKC

3/2
D + Cs

(
∆u√

U2+V 2

)3/2

Ri + 10
(

CKC
3/2
D + Cs

(
∆u√

U2+V 2

)3/2
) (8.5)

where

∆u =
√

(U2 − Uamb2) + (V 2 − Vamb2) (8.6)

and Ri is the bulk Richardson number given by

Ri =
g′H

U2 + V 2
(8.7)

The parameterisation constants CK and CS account for the bottom production and shear production terms

respectively.

8.3 Model Implementation

The model is implemented using a finite-volume method. The predictor-corrector scheme (explicit prediction

and implicit correction) as outlined by Bradford and Katapodes (1999) is used to obtain second-order temporal

accuracy. The predictor solution is obtained from the primitive form of the governing equations. Following Bradford

and Katapodes (1999), the primitive forms of governing equations are used for computational efficiency and can

be written as:

dH

dt
+ U

dH

dx
+ H

dU

dx
+ V

dH

dy
+ H

dV

dy
= E

√
U2 + V 2 (8.8)

dU

dt
+ g′

dH

dx
+ U

dU

dx
+

1
2
H

dg′

dx
+ V

dU

dy
=

1
H

(
UambE

√
U2 + V 2 − CDU

√
U2 + V 2

)
+ fV H − gSx (8.9)

dV

dt
+ g′

dH

dy
+ V

dV

dy
+

1
2
H

dg′

dy
+ U

dV

dy
=

1
H

(
VambE

√
U2 + V 2 − CDV

√
U2 + V 2

)
− fUH − gSy (8.10)

dS

dt
+ U

dS

dx
+ V

dS

dy
=

1
H

(S − Samb)E
√

U2 + V 2 (8.11)

An approximate (predictor) solution for the conservation of volume at time t + ∆t/2 in cell i, equation is given

by

H
n+1/2
i,j = Hn

i,j −
∆t

2

[
U

∆Hx

∆x
+ V

∆Hy

∆y
+ H

∆Ux + ∆Uy

∆x
− E

√
U2 + V 2

]n

i,j

(8.12)
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where superscripts represent the time step and subscripts represent the center of a grid cell in the horizontal

underflow model grid. Note that n+1/2 represents the computational time of the predictor step. Similar expressions

(not shown for brevity) can be written for predictor conservation equations of salinity and momentum. Overbars

in 8.12 denote average gradients at the cell center computed from gradients across the cell faces in the x and y

directions. For example

∆Hx = avg(Hi,j −Hi−1,j ,Hi+1,j −Hi,j) = avg(a, b) (8.13)

where the averaging function used in the underflow model is the β family of averages given by

∆Hx =

{
sign(a)min(max(|a|, |b|), βmin(|a|, |b|)) ab > 0
0 ab ≤ 0

(8.14)

For all simulations, β is equal to two, which corresponds to a Superbee averaging function.

The corrector solution is a coupled, implicit solution of a discrete form of the conservative governing equations

using the predictor-step fluxes. For example, the conservation of volume equation can be written as

∆x∆y
Hn+1 −Hn

dt
= F

n+1/2
F ∆y + F

n+1/2
B ∆y + F

n+1/2
R ∆x + F

n+1/2
L ∆x + E

√
U (n+1/2)2 + V (n+1/2)2 (8.15)

where FF , FR , FB and FL are the volume fluxes through the front, right, back and left cell faces respectively.

Here the nomenclature is consistent with the ELCOM code, where the front is the cell face in the positive x

direction, back is in negative x, right is positive y, and left is negative y. The fluxes are defined as positive in the

direction of increasing computational coordinates.

The fluxes at each cell face are calculated using the approximate Riemann solver developed by Roe (1981).

These fluxes are given by

FF (i,j) = FB(i+1,j) =
1
2

(
f

n+1/2
F (i,j) + f

n+1/2
B(i+1,j) − R̂|Λ̂||∆V̂ |

)
(8.16)

where the fF (i,j) and fB(i+1,j) refer to the estimated fluxes at the front face of cell (i, j) and the back face of

(i + 1, j) respectively. The third term on the right hand side is the Riemann flux term. The estimated fluxes at

the front of cell (i, j) are determined from the extrapolation of the primitive variables at the centre of the cell to

the front face of the cell. For example the height at the front face of cell (i, j) is given by

H
n+1/2
F (i,j) = H

n+1/2
(i,j) +

1
2
∆Hx

n

i,j (8.17)

and the estimated volume flux at the front face of cell (i,j) is given by

f
n+1/2
F (i,j) = H

n+1/2
F (i,j) U

n+1/2
F (i,j) (8.18)
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Similar expressions can be written for the other faces and fluxes.

In matrix form the Riemann flux terms. See Dallimore et al. (2001) and Bradford and Katapodes (1999) for

more information on these terms.

Two boundary conditions are used in the underflow model, solid wall and inflow. Inflows are implemented

using ghost cells located outside the computational domain. The specified flow rate, salinity and underflow height

are placed within the ghost cell for each timestep. Within the ghost cell all gradient terms are set to 0. The

fluxes through the interface between the ghost cell and the interior cell are calculated using the Riemann solver as

described above. Solid wall boundaries are cell faces where the fluxes are set to zero.

8.4 Front tracking

Following Bradford and Katapodes (1999) a front-tracking scheme is used to eliminate artificial propagation

of the density front resulting from discretization. Cells in the underflow model are defined as being ’underflow’,

’ambient’ or ’frontal’. ’Underflow’ cells are cells that are filled by the underflow; ’ambient’ cells contain ambient

water without underflow water, while ’frontal’ cells are the boundary cells between the underflow and the ambient

fluid that contain both types of water. In a frontal cell, fluxes are only calculated for faces that are bounded by an

underflow cell. The front propagation distance in the x direction, Xf , from time n to n + 1 within a frontal cell is

given by

Xn+1
f = Xn

f + Un+1
f ∆t (8.19)

where Uf is the front velocity. An analogous formula is used for the frontal distance in the y direction. If Xn
f +1

is greater than the grid dimension (∆x) then the cell is changed to an underflow cell and any adjacent ambient

cell becomes new frontal cell. While the concept is straightforward in one dimension, in 2D a cell may be frontal

cell with respect to both the x and y coordinate directions. This is simply a bookkeeping problem for the model,

that is handled by designating any cell with both ambient and underflow water as a ’frontal’ cell then checking

whether one or two faces are involved in frontal propagation. At the end of each timestep, any ambient cell that

has frontal cells on both x or both y faces is also designated as an underflow cell. This simplifies the computation

for two fronts that are propagating in opposite directions and meet in a single ambient grid cell.

As pointed out by Bradford and Katapodes (1999) there are a number of possibilities for the frontal velocities

Uf and Vf . We follow their approach wherein the frontal velocity is based on the computed values of U and V in

the frontal cells. We add the effect of the ambient flow on front propagation by computing, the frontal velocities as

Uf = U + Uamb (8.20)
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This formulation provides a simple and robust first-order approximation for calculating the frontal propagation.

Due to the explicit nature of the front-tracking scheme, the front must not propagate further than one grid cell in

any timestep. If this condition is violated, the underflow model timestep is automatically halved and the underflow

is recomputed. This acts recursively so that the underflow solution will always be stable. Note the timestep for

the ambient 3D flow solver is not affected by the change in timestep of the underflow model.

8.5 Coupling the model to ELCOM

This section discusses the coupling of the 2D underflow model with the 3D solver ELCOM. As an underflow

travels along the bottom boundary of a water body it has two effects on the ambient water. Firstly it entrains

ambient water into itself and secondly it displaces ambient fluid away from the bottom boundary. The proposed

coupling scheme attempts to model these effect via the use of inflows and outflow across the bottom boundary

of the 3D domain. The fundamental idea behind the scheme is to insert the net change in the underflow volume

during each timestep through the bottom boundary of the 3D domain over the appropriate cells while still tracking

the salinity of the underflow with the 2D model. In effect the water that is inserted into the 3D domain is designed

to acts as a ’place holder’ that will be replaced with the underflow water once the underflow reaches its insertion

level. A schematic of the coupling procedure is shown for a homogeneous ambient water body in 8.1. The three

basic s.pdf of the scheme are:

1. Removal of the entrained water from the 3D domain (8.1a)

2. Insertion of the net volume increase in each underflow cell into the corresponding ELCOM bottom boundary

cell. (8.1b)

3. Insertion of salinity once the plume has reached its level of neutral buoyancy. (8.1c and d)

S.pdf one and two are implemented every timestep, step three only occurs once the underflow reaches the

insertion level.

Both the entrainment and the net change in volume of an underflow cell (8.1a) are easily calculated from the

underflow model. After each underflow timestep is completed the entrained volume is removed from the appropriate

cell on the bottom boundary of the 3D domain. The net change in volume of the underflow cell is then inserted into

the 3D domain as an inflow across the bottom boundary of the corresponding 3D column. So as not to introduce

any unwanted currents in the 3D domain this inflow is given a salinity equal to the salinity at the bottom of the

ELCOM column. The idea is to insert the underflow volume over the appropriate cells while having the minimal

effect on the ambient motions. In practice, because the entrained and the insertion fluid both have a salinity given

by the salinity at the bottom of the 3D domain, s.pdf 1 and 2 are combined to form a single inflow for each column.

The volume of the inflow is given by the change in volume of the cell minus the volume entrained into the cell
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Figure 8.1 Profiles showing coupling of the 2D underflow model to the 3D solver. The net volume for each underflow cell

is calculated for each timestep (a). This volume is inserted as an inflow across the bottom boundary of the 3D domain (b).

Once the underflow reaches it’s insertion level the salinity within a volume at the bottom of each column in the 3D domain

is replaced with the salinity of the underflow. (d) shows the representation of the underflow within the 3D domain after

insertion.
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and is equal to the net volume flux into the cell given by the modeled Riemann fluxes. If the net volume flux into

the underflow cell is negative (eg: at the tail of the underflow) then the appropriate volume is removed from the

ELCOM cell as an outflow.

It can easily be shown that the sum of the net volume fluxes into all underflow cells, and hence the total volume

flux into ELCOM, is equal to the specified inflow flux at the side boundary. This ensures that conservation of

volume is maintained in the 3D solver and that the modeled free surface height in ELCOM accurately represents

the supplied inflows.

Once the underflow reaches its insertion level the salinity in the 3D domain is altered to reflect the salinity of

the underflow. The criteria for insertion are defined as when any underflow body cell is less dense than the ambient

ELCOM cell ’above it’ or when the height of the underflow is greater than 5 times ELCOMs vertical grid size.

The idea behind the salinity insertion subroutine is to replace the salinity within a certain volume at the bottom

of each column (i, j) in the 3D domain such that after the insertion the salinity in the 3D domain represents the

height and salinity predicted by the underflow model at each cell (i, j). If the 3D domain has a uniform salinity

before the underflow event occurs then the insertion is trivial. For this case both the volume input at the bottom

boundary of the ELCOM domain and the entrained water into the underflow have a salinity equal to the uniform

ambient salinity. It can be shown that for this scenario conservation of salinity is achieved by replacing the

ambient salinity at the bottom of each column (i, j) up to a height equal to the underflow height at cell (i, j) with

the underflow salinity (Si,j). The replacement of salinity is achieved using the following formulae:

SELCOM =


S ztop < H
S(H−zbot)

dz + SELCOM S(ztop−H)
dz ztop < H

SELCOM zbot > H

(8.21)

Where SELCOM is the salinity in the ELCOM cell, dz is the vertical grid size and ztop and zbot are the height

above the bottom of the top and bottom faces of the ELCOM cell. The representation of the underflow salinity in

the 3D solver after insertion is shown in 8.1d.

When the ambient salinity is not uniform the above scheme is not conservative for salinity. The problem is

the total amount of salinity being replaced is not necessarily equal to the salinity that was input into the 3D

domain before the time of insertion. There are two possible solutions to this; either the volume of water being

replaced of the underflow salinity can be altered to arbitrarily balance salinity. In ELCOM the former was chosen

for two reasons. Firstly, if the underflow salinity is changed there is the possibility that the new salinity will

be unrealistically high. Secondly, because the height of the underflow in ELCOM must be an integer number of

cells high a small change in the volume of water replaced in the ELCOM domain will have a small effect on the

representation of the underflow within ELCOM. The height over which salinity is replaced in column is given by
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Hinsert = H +
Sremoved − Sadded

S∆x∆y
(8.22)

Where Sremoved is the total salinity replaced in the ELCOM column, Sadded is the salinity that has been added

through the bottom of the ELCOM column and H and S are the predicted height and salinity of the underflow.

Once Hinsert has been calculated the salinity within the 3D domain can be modified according to 8.21 above with

H replaced by Hinsert. Note that if Sremoved, as in the ambient uniform case, 8.22 predicts an insertion height

equal to the height of the underflow.

The two major parts of the insertion routine can be summarised as:

1. At each time step a volume is inserted through the bottom boundary of each column in the 3D domain. This

volume is equal to the net volume flux into the corresponding underflow cell. The salinity of the inserted

water is given by the salinity in the bottom cell of the ELCOM column.

2. Once the underflow has reached its level of insertion then the salinity in a certain volume at the base of every

column in the 3D domain is replaced by the salinity of the corresponding underflow cell. The volume of water

replaced is chosen to ensure conservation of salinity.

It should be noted that once the insertion of salinity has taken place and the tracking of the underflow has

essentially been handed over to ELCOM that numerical convective entrainment will still occur. Two scenarios lead

to the insertion of salinity. The first is when the height of the underflow is large compared to the vertical grid size

in which case the effect of numerical mixing is small compared to the volume of the flow. The second scenario is

when the underflow reaches neutrally buoyancy. For this scenario the effect of convective entrainment is reduced

because as water flows over a step in the bathymetry the water below it will have a similar salinity.

8.6 Plunge Point Analysis

In order to model the plunging region of an inflow event a simple first-order approximation was made to the

underflow model to account for the error in the momentum equation. This modification deals with the symptoms

of the momentum error rather than addressing the error directly. Once the underflow volume fluxes are calculated

the underflow height for each underflow cell at timestep n + 1 are first estimated by neglecting the entrainment

into the flow such that

∆x∆y
Hn+1 −Hn

dt
= F

n+1/2
F ∆y + F

n+1/2
B ∆y + F

n+1/2
R ∆x + F

n+1/2
L ∆x (8.23)

The predicted underflow height for each cell is then compared to the corresponding depth of the reservoir in

the 3D domain. If the underflow height is greater than the water depth then the volume fluxes are manipulated

so that the Hn+1 is equal to the depth of the reservoir. More specifically the volume flux through the face in the
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direction of the underflow front is increased to provide the necessary change. Scalar fluxes are altered to reflect

the change in volume flux. In order to ensure that no mixing takes place before the plunge point of the underflow

the entrainment coefficient for these cells is set to zero. Rather than altering the momentum equation to deal with

a plunging flow, the conservation of volume equation is utilised to give

Un+1 =
F

n+1/2
F + F

n+1/2
B

Hn+1/2
(8.24)

V n+1 =
F

n+1/2
R + F

n+1/2
L

Hn+1/2
(8.25)

A further complication can arise during the solution of the conservation equations. The predicted height at

time t = t + ∆t is given by the conservation of volume equation

∆x∆y
Hn+1 −Hn

dt
= F

n+1/2
F ∆y + F

n+1/2
B ∆y + F

n+1/2
R ∆x + F

n+1/2
L ∆x + E

√
U (n+1/2)2 + V (n+1/2)2 (8.26)

If the entrainment term is large it is still possible for Hn+1 to be greater than the depth of the water column.

This is easily dealt with by modifying the entrainment coefficient, E, where the underflow height is greater than

the water depth to ensure Hn+1 is equal to the depth.
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Artificial Destratification

9.1 Introduction

ELCOM provides algorithms for two types of detstratification devices: Bubble plums and jets. Both devices

act vertically on a column of water and work by calculating the entrainment of water from each cell into the jet or

plume.

Water insertion and entrainment is carried out by creating a temporary column of water with nz + nn layers.

The layers consist of the original nz layers each slightly smaller than it usual dz due to entrainment into the plume

and 1 inserted layer for a jet or one inserted layer for each time the bubble plume detrains. The dz of the inserted

layer is given by the insertion volume divided by the column area. Once the plume calculations have been carried

out the standard z layer configuration is enforced onto the temprary column. This leads to some numerical diffusion

(Figure 9.1).

9.2 Bubble Plumes

The bubble plume destratification in ELCOM is based on the routine in DYRESM. The model uses the simple

buoyant plume equations, and assumes the plumes are circular and multiple plumes in any grid cell are non-

interacting. Air is pumped to depth, and released into the water column via a diffuser. The bubbles rise, entraining

ambient water. When the upwards buoyancy flux due to the air bubbles is equal to the downwards force (due to

gravity) of the entrained ambient water, the bubble plume sheds the entrained water. This water is immediately

routed to its neutrally buoyant level, without entrainment.

The bubble plume then begins to entrain ambient water again, until it reaches the surface where any entrained

water is shed, and again routed to its neutrally buoyant level.

9.2.1 Initialisation: The bubbler is initialised by first computing the upwards buoyancy flux due to the

air, as (Fischer et al. (1979), eqn 9.7)

Bair = gQdiff (9.1)

Note that the air flow rate MUST be that at the level of the diffuser, not the free-air flow rate of the compressor.

The correction can be made by assuming that air is in ideal gas and is adiabatically compressed according to

(Wallace and Hobbs (1977), p89)

Qdiff = Qair

(
Pair

Pdiff

)0.71

(9.2)
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Figure 9.1 Schematic of bubble plume or jet entrainment and insertion.
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where Qair is the free air flow rate of the compressor, Pair is the air pressure (usually taken as 101.3 kPa),

Pdiff the pressure at the level of the diffuser due to both the atmosphere and the depth of water, and Qdiff the

diffuser air flow rate.

Once the value of Qdiff is passed into the model, it is divided by the number of ports (or clusters) to determine

the flow rate per port. All subsequent calculations are done on a per port basis, then multiplied by the total

number of ports to get the total effect of the destratification system.

The flow rate of entrained water is computed as (Fischer et al. (1979), eqns 9.28, 9.30, 9.107)

QP = α
6π

5
b1LRB1/3z5/3 (9.3)

where B is the buoyancy flux [m4/s3], z is the bottom layer thickness [m], b1 is a constant ( = 4.7 Fischer et

al. (1979), p329), LR is the plume aspect ratio (plume radius to plume length, assumed to be a constant of 0.1),

and α is an entrainment coefficient.

9.2.2 Subsequent entrainment: The first step is to compute the flow rate of air, which will increase

due to decreasing pressure leading to adiabatic expansion of the bubbles. The new flow rate (due to adiabatic

expansion) in layer k can be calculated as

Qi = Qi−1

(
Pi−1

Pi

)0.71

(9.4)

where layer (k − 1) refers to the layer below, and pressure P has units of Pascals.

The combined buoyancy flux of the air bubbles and entrained water is calculated as

Bi = gQi − g

(
ρi − ρP

ρi

)
QP (9.5)

where ρi is the density of the current layer, and Qp is the flow rate of the entrained volume. The second term

is the reduction in buoyancy flux due to the entrained water the plume is dragging with it.

The flow rate of the entrained volume in layer i is calculated as

QP = α
6π

5
b1LRB1/3

(
z
5/3
i − z

5/3
i−1

)
(9.6)

9.2.3 Detrainment: When the combined buoyancy flux becomes negative, the entrained water detrains

from the air plume. It is then routed to its neutrally buoyant level instantaneously.

The plume characteristics are then reset, and the air continues to rise and begins entraining water again.

Water insertion and entrainment is carried out as described above (Section 9.1).
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9.3 Pumps/Jets

The jet model uses the simple jet equations, and assumes the plumes are circular and multiple plumes in any

grid cell are non-interacting. Unlike bubble plumes pumps may act up or down the water column. As the jet moves

away from the pump it entrains ambient water. When the momentum flux of the jet reaches zero the the entrained

water is immediately routed to its neutrally buoyant level, without entrainment.

9.3.1 Initialisation: The jet is initialised by first computing the momentum flux exiting the pump. The

vertical velocity at the pump is given by

w0 =
2J

πρ0R
(9.7)

Where J is the thrust of the pump in Newtons and R is the radius of the pump. The initial radius of the jet,

b0 is set to the radius of the pump. The initial volume flux is therfore

Q0 = πb2
0w0 (9.8)

The water for this volume flux is removed from cells above the pump if the pump is pumping down and below

the pump if it is pumping up. The water is removed equally from all cells a distance equal to R.

9.3.2 Subsequent entrainment: The entrainment into the jet is calculated by explicitly solving the

conservation of volume equation

∂(πb2w)
∂z

= 2πbw (9.9)

The conservation of momentum equation is then solved to calculate the vertcial velocity

∂(π
2 b2w2)
∂z

= πbg
ρj − ρamb

ρ0
(9.10)

Where ρj is the density of the water in the jet and ρamb is the density of the cell.

9.3.3 Detrainment: When the momentum flux becomes negative, the entrained water detrains from the

jet. It is then routed to its neutrally buoyant level instantaneously. Water insertion and entrainment is carried out

as described above (Section 9.1).
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